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We show that for four-dimensional spacetimes with a non-null hypersurface orthogonal Killing 
vector and for a Chern-Simons (CS) background (non-dynamical) scalar field, which is constant 
along the Killing vector, the source-free equations of CS modified gravity decouple into their Einstein 
and Cotton constituents. Thus, the model supports only general relativity solutions. We also show 
that, when the cosmological constant vanishes and the gradient of the CS scalar field is parallel to 
the non-null hypersurface orthogonal Killing vector of constant length, CS modified gravity reduces 
to topologically massive gravity in three dimensions. Meanwhile, with the cosmological constant 
such a reduction requires an appropriate source term for CS modified gravity. 
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I. INTRODUCTION 

Chern-Simons modified gravity is an intriguing exten- 
sion of general relativity, which amounts to complement- 
ing the Hilbert action with a parity-violating Pontryagin 
density coupled to a CS scalar field The Pontryagin 
density is defined as a contraction of the Riemann curva- 
ture tensor with its dual and the CS scalar field can be 
viewed as either a prescribed background quantity or as 
an evolving field. Below we shall consider only the case 
of a prescribed CS scalar field within the non-dynamical 
formulation of the theory. One of the attractive features 
of CS modified gravity is its emergence within predictive 
frameworks of more fundamental physical theories. For 
instance, the low-energy limit of string theory comprises 
general relativity with a parity- violating correction term, 
that is nothing but the Pontryagin density. This term 
is crucial for canceling gravitational anomaly in string 
theory through Green- Schwarz mechanism The Pon- 
tryagin density, as an anomaly-canceling term, also arises 
in particle physics and in the context of loop quantum 
gravity (see a recent review Q for further details). 

It is interesting to note that the authors of work [l[ 
arrived at CS modified gravity by uplifting the three- 
dimensional gravitational Chern-Simons term to four- 
dimensional spacetime. Three-dimensional gravity with 
the Chern-Simons term known as topologically massive 
gravity (TMG) cures dynamically trivial nature of Ein- 
stein's gravity in three dimensions [4]. Embedding the 
Chern-Simons term of TMG into four-dimensional space- 
time results in a topological current, whose divergence 
is given by the Pontryagin density. Subsequently, the 
associated total gravitational action with an appropri- 
ate embedding coordinate (with the gradient of the CS 
scalar field) looks precisely the same as that obtained 
for CS modified gravity in the low-energy limit of string 
theory |5J . Meanwhile, the field equations consist of two 
parts: the Einstein part and the Chern-Simons part, that 
is given by a symmetric and traceless Cotton-type ten- 
sor. In the context of uplifting of TMG to four dimen- 
sions, the latter tensor arises as an analogue of the three- 
dimensional Cotton tensor. Thus, in a certain sense, CS 



modified gravity can be thought of as a four-dimensional 
"counterpart" of TMG. 

Motivated by this fact, in this Letter we present a de- 
coupling theorem for CS modified gravity. This is an 
extension of a similar theorem for TMG, earlier proved 
in Q (see also a recent work (tJ), to four dimensions. 
Namely, we prove that for four-dimensional spacetimes 
admitting a nun-null hypersurface orthogonal Killing vec- 
tor and for a CS scalar field being constant along the 
Killing vector (the Lie derivative of the CS scalar field 
vanishes along the Killing vector), source- free CS modi- 
fied gravity decouples into its Einstein and Cotton parts. 
We also present a reduction theorem, showing that for 
zero cosmological constant and for the gradient of the CS 
scalar field being parallel to the non-null hypersurface or- 
thogonal Killing vector of constant length, CS modified 
gravity reduces to TMG in three dimensions. Finally, we 
show that in the case of nonvanishing cosmological con- 
stant, such a reduction requires a specific source term in 
the field equations of CS modified gravity. This source is 
determined by the cosmological constant. 



II. BASICS OF CS MODIFIED GRAVITY 

CS modified gravity is an extension of four-dimensional 
general relativity by adding to the usual Hilbert action a 
gravitational parity-violating term, the Pontryagin den- 
sity The full action including a cosmological term 
has the form 



S = 



1 



16ttG 



-g\R-2K+-$*RR) , (1) 



where R is the Ricci scalar, A is the cosmological con- 
stant, $ is the CS coupling scalar field and the Pontrya- 
gin density 



*RR = *R» Xt R u 



fj,Xr 



(2) 



The dual of the Riemann curvature tensor is defined as 



2 vp<j 



(3) 
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where e Arp<T is the totally antisymmetric Levi-Civita ten- 
sor (e XT P a = -J=e XTpa , £ 0123 "= 1). 

It is curious that the Pontryagin density can also be 
expressed in terms of the divergence of a four-dimensional 
topological current. We have 

*RR = 2V Al i^ , (4) 

where the topological current is given by 

and the quantities are the usual Christoffel symbols. 
It is easy to check that for the CS scalar field = const, 
the Pontryagin density does not contribute to the field 
equations and the theory reduces to general relativity. 

The variation of action (fTJ) with respect to the space- 
time metric leads to the field equations of CS modified 
gravity in the form 

Efj, v + C M „ = 0, (6) 

where 

Efj, u = Rfj, u - - Rg^v + Ag^ , (7) 

Rfj, v is the Ricci tensor and is a symmetric and trace- 
less tensor We have 

C» v = <§ a e a ^R$. n + d aP *Rf>(^) a , (8) 

where the semicolon stands for covariant differentiation 
and 

&a = ??;a ^ a /3 = $ a] p ■ (9) 

As we have mentioned above, in the context of CS modi- 
fied gravity the tensor in ([8]) can be thought of as a four- 
dimensional "image" of the usual Cotton tensor in three 
dimensions. Therefore, for the sake of convenience, we 
shall simply call it the four-dimensional "Cotton" tensor 
(see also Ref. [l|). 

It is important to note that the four-dimensional Cot- 
ton tensor has nonvanishing divergence, unlike the three- 
dimensional Cotton tensor. It is straightforward to show 
that 

C^. v = -\^*RR. (10) 
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On the other hand, the contracted Bianchi identities ap- 
plied to the field equations in ((6]) require the Pontryagin 
density to vanish. Thus, we have the constraint equation 

*RR = 0. (11) 

We note that this equation naturally arises when varying 
action ((l) with respect to CS scalar field. This constraint 
is only a necessary condition for a spacetime to be a so- 
lution to CS modified gravity, as it does not mean the 
vanishing of the Cotton tensor itself. It is clear that this 
condition will restrict the class of solutions to CS modi- 
fied gravity. 



III. DECOUPLING 

In this section, we shall show that another restriction 
for the solution space of CS modified gravity is given by 
decoupling of the field equations ^ into their Einstein 
and Cotton parts. This is expressed in the following the- 
orem: 

// a four- dimensional spacetime admits a non-null hy- 
persurface orthogonal Killing vector and the CS coupling 
scalar field is constant along the Killing vector, then the 
field equations of CS modified gravity with a cosmolog- 
ical constant decouple into their Einstein and Cotton 
constituents, thus supporting only general relativity so- 
lutions. 

Since it is supposed that the CS coupling scalar field is 
constant along the hypersurface orthogonal Killing vec- 
tor, we have 

i^ = 0« a )=0, (12) 

where £^ is the Lie derivative along the Killing vector 
£. In other words, the vectors £ Q and -d a are orthogo- 
nal to each other. Before proceeding with the proof of 
the theorem we need to explore some consequences of 
the hypersurface orthogonal Killing vector. The defining 
equations for this vector are given by 

£(^)=0, ^ ; „Ca]=0, (13) 

where the second equation is the hypersurface orthogo- 
nality condition. Here and in what follows, we use round 
and square brackets to denote symmctrization and anti- 
symmetrization of indices, respectively. 

Taking the covariant derivative of this condition and 
using the fact that for any Killing vector 

= &R r \i>n , (14) 

we obtain 6] 

ZpR 1 * v[a0 £f] + £[/3;a £y];i/ = 0. (15) 

On the other hand, contracting the hypersurface orthog- 
onality condition in ([13")) with the Killing vector £ A , we 
have 

€w = €lnVu] ! ( 16 ) 
where the vector is given by 

V» = CH% (17) 

and £ 2 is the square of the length of ^ Q. Next, using 
equation (flU)) in equation (fTS"]) we find that the latter 
reduces to the form 

£/»#**[a/»£r]=0. (18) 

This equation, when contracted over the indices v and a, 
yields [9|] 

^Rx[^,] =0, (19) 
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which, in turn, implies that 



(20) 



where u is a scalar function. 

For further use, we also need to know the covariant 
derivative of equation (fT6|) . After some manipulations, 
we have 



i',.:.'-:A = €[»Vv];\ + \ VxtlnWu] 



(21) 



Next, using the fact that the Lie derivative of the Ricci 
tensor along the Killing vector vanishes, 



£^Rp.iy — R/Jtu;\ £ A + R n + R v £,X:p. — 

we obtain the relation 



(22) 
(23) 



where we have also used equations (fl6|) and ([20J) . 

We are now ready to turn to the proof of the theorem, 
which will be based on exploration of all possible pro- 
jections of tensors (JT]) and © in directions parallel and 
orthogonal to the Killing vector. 

For an arbitrary tensor field A we shall use the nota- 
tions 



~A*\ 



Ay 



A^v h\ h u a 



A^eh- 



x > 



(24) 



for the parallel, orthogonal and mixed projections, re- 
spectively. Here the projection operator W v onto the 
subspace orthogonal to the Killing vector is given by 



= St. 



11 v 1 



(25) 



and 



hW = 0- 
For convenience, we shall first show that 

Contracting equation <j8j) with the Killing vectors £ M and 
and taking into account equations © and (fTl)) we 
obtain, after some rearrangements, the expression 



(26) 



(27) 



^0 C^).^ ~ £f;7 



n/3 ua-yr f t 



(28) 



Next, substituting equations (jl6)) and (|20| in the first 
line and equation (|21j) in the last line of this equation, 
we have 



-Uie ^ & U^p + ~ Vptlrfh] ) ' ' ^ 1 



We see that each term in this expression vanishes iden- 
tically due to the contraction of a symmetric pair of the 
Killing vectors with the Levi-Civita tensor. Thus, we ar- 
rive at identity (|27l) . With this identity, from the field 
equations (|6]) it immediately follows that 



— £u„^f — . 



(30) 



Contracting now equation (|20[) with the projection op- 
erator in (f25j) and taking into account equation (|26|) . we 
obtain the identity 

R*\ = R^eh\ = . (31) 
With this in mind, from equation ([7]) it is easy to see that 

£*a = E^h\ = , (32) 
which also implies 

C* x = G^eh\ = , (33) 

as a consequence of the field equations ([5]). 

We recall that separation into the pairs of equations 
(|27l) . (|30|) and ([3"2]). (|33]) occurs regardless of the form of 
CS scalar field. However, as we shall see below, this is not 
the case for the remaining orthogonal projections of the 
Einstein and Cotton parts, for which such a separation 
occurs only for the CS scalar field obeying the relation 

To proceed further, we first note that from the obvious 
relation 



(34) 



it follows that 



(35) 

where we have used equation (|2"5|) . We shall now calculate 
the orthogonal projection of the Cotton tensor, defining 
it as 



(36) 

With equations (|2"6"|) and (|3"5"|) in mind, we substitute into 
this expression the explicit form of the Cotton tensor ([8j . 
As a consequence, we find that 

+ ^^(re' yTp7 + 2e p e l/ar7 )i?' 3 %7| • (37) 
Substituting in the first line of this equation the relation 

R^ = Hl-n-Rp^% (38) 

as well as equation (|2"3")l and taking into account (|16l) . it 
is easy to see that each term in this line vanishes iden- 
tically due to either equation (l2"r?l) or the contraction of 
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a symmetric combination of the Killing vectors with the 
Levi-Civita tensor. Meanwhile, using equation (| 14|) in 
the last line, we transform equation (|37|) into the form 



, (A r f) c 

—Act II ^IL v £; T 



(39) 



For some purposes, it may be useful to make a further 
simplification of this expression. To achieve this goal, we 
introduce the derivative operator with respect to the 
three-dimensional metric h^ v in the usual way Q 



D u Vft = h\h° v Vx-o 



(40) 



Using this in the definition of the Riemann tensor 

^R^ Xt V^ = 2D [t D x] V„ (41) 

and taking into account the fact that in our case the 
second fundamental form vanishes, i.e. 



it is easy to see that 

(3) p _ ua uf3 up in p 



(42) 



(43) 



as a consequence of Gauss-Codacci equation @. From 
this equation, we also find that 



(3)n _ ua u/3 
J^au — u ,,ii L 



ii V 



1, 1 



(44) 



In obtaining this expression we have used equations (|14[) 
and (|16[) . Similarly, for the three-dimensional scalar cur- 
vature we have 

{3) R = R + ri a a (45) 

We also recall that 

(3) iW = 2 ( {3) R^xh T]u - & R u[ xh T]ll 

&R 



n Li[xh T ]v 



(46) 



Combining equations (|43|) - (j46|) and using the result in 
equation Q39p we obtain, after some straightforward cal- 
culations, the following expression for the orthogonal pro- 
jection of the Cotton tensor 



c ~e 



where 



(47) 



4 a pC = (KO; P + 2 K<M a ) - (KO m\ • (48) 

We note that the latter expression is obtained by using 
equations ^ and (fTo) . Clearly, the expression in (|4"T)) 



does not vanish in general. However, with condition f| 12[) 
it vanishes identically. Thus, we have 



C = C^h^hZ = , (49) 
which, by means of field equations ©, results in 



E Xa = E^h\hl =0. 



particular spacetimes, some mention of decoupling was 
given in [ldj . It is worth to emphasize that the above 



(50) 

These equations together with those given in (|2"?| . (|3"0")) 
and (|3^|) . (1551 complete the proof of the theorem. For 
ir spaceti 

Ha. it 

theorem also works with a source term in the field equa- 
tions ([5]), provided that the mixed projection of the 
source energy-momentum tensor vanishes identically, 
T., x = T llu ^h\ = 0. We note that in the case of TMG, 
decoupling occurs only for a null matter source Q. 



IV. REDUCTION 

We shall now proceed with the case, when the gradient 
of the CS scalar field is parallel to the non-null hypersur- 
face orthogonal Killing vector of constant length. That 



u a sa ) 

m 



£ = const , 



(51) 



where m is a constant parameter. We also assume that 
the cosmological constant vanishes, A = 0. Then, the 
field equations of CS gravity is given by 



Rp,v + C a V — , 



(52) 



It turns out that the following reduction theorem holds: 
If a four- dimensional spacetime admits a non-null hy- 
persurface orthogonal Killing vector of constant length 
and the gradient of the CS scalar field is parallel to the 
Killing vector, as given in H51\) , then CS modified gravity 
reduces to topologically massive gravity in three dimen- 
sions. 

The proof of the theorem is somewhat straightforward. 
First, we emphasize once again that the identities (j2"7| 
and (f3Tj) hold independently of the form of CS scalar 
field. With this in mind, we consider the expression 



1 



which can be easily derived using the equation 



(53) 



R^e = 



(54) 

and equation (1161) . Clearly, the expression in (|53[) van- 
ishes as 



if = 



(55) 



for the Killing vector of constant length (see equation 
(jTTj) ) . Next, using equations ([8]) and (fSTj) we obtain that 



(56) 



i)i 
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where we have used the fact that d a p — for the case 
under consideration. It is not difficult to see that this 
expression vanishes as well, 



C* A = 0. 



(57) 



The remaining step is to examine the projection of equa- 
tion (f5"2"j) in the direction orthogonal to the Killing vector 
of constant length. Taking in the following £ 2 = 1 for cer- 
tainty, we appeal to equation (|T7|) . which now takes the 
form 



7=7 A<T £t 



C 



(58) 



Passing to three-dimensional quantities, by means of 
equation (|44|) and the fact that 



T/37A _ 



.07 A 



(59) 



we arrive at the expression for the three-dimensional Cot- 
ton tensor 



(3) C A* = l e /57(A jD (3) jR j) i 



(60) 



where e /3 ' yA is the three-dimensional Levi-Civita tensor. 
Finally, with (|44|) and (|55|) in mind, we see that the vac- 
uum field equations of CS modified gravity given in (T5"2")) 
reduce to those of TMG m. Thus, we have 



Mr 



(JLV 



(3) c„ = o. 



(61) 



This completes the proof of the reduction theorem. This 
theorem shows that any vacuum solution of TMG up- 
lifted to four dimensions, by adding an extra flat dimen- 
sion, will be a solution to CS modified gravity as well. 
For instance, the Godel-type vacuum solution of TMG 
found in [llfl can be extended to four dimensions as a 
non-trivial (non- gene ral relativity) Godel solution to CS 
modified gravity [12J. 

With nonvanishing cosmological constant, A 7^ 0, a 
similar reduction to TMG requires an appropriate matter 
source in the field equation of CS modified gravity. Thus, 
we must now begin with the equation 



E 



(62) 



instead of ([6]) . Taking the trace of this equation, we have 

4A - R = 8ttT . (63) 

Next, using identity (|2"T1) in (|62[) and taking into account 
equation (|53[) . we find that 

2A - R = 16tt1;» . (64) 

and ([57| . from (|6"2")l it also follows 



With equations 
that 



T*\ = T^h\ = 
Finally, assuming that in three dimensions 
T Xa = T^h\h v x = 



(65) 



(66) 



and taking into account equations (|44[) and (l45l along 
with (|55p . it is easy to see that the orthogonal projection 
of equation (|62|) results in the field equation of TMG with 
the cosmological constant [l3j]. We have 



where 



(3) (? + Ah + ( 3) C = 



( 3 )G = (3) i? --^Rh 



(67) 



(68) 



The trace of this equation, with (1431) in mind, gives 

(3) i? = i? = 6A. (69) 

Comparing this equation with (1631) and (|64[) we specify 
the form of the matter term in (|6"2"|) as follows 



8nT„ = 8ttT = -2A . 



(70) 



Thus, with this matter source and the CS scalar field 
given in (|5ip . CS modified gravity comprises all previ- 
ously known solutions of cosmological TMG (see for in- 
stance, Refs. [13, IHI as well as a recent paper [l6j]) when 
uplifted to four dimensions by adding an extra flat di- 
mension. 



V. CONCLUSION 

We have examined the Einstein and Cotton sectors 
of CS modified gravity in four dimensional spacetimes 
with a non-null hypersurface orthogonal Killing vector 
field, considering all possible projections in directions 
parallel and orthogonal to the Killing vector. Assuming 
that CS scalar field is constant along the Killing vector, 
we have shown that in each case only one of the corre- 
sponding projections (for either Einstein or Cotton sec- 
tor) vanishes identically. This in turn entails vanishing 
of the remaining projections as a consequence of the field 
equations. Thus, we have proved that in the model un- 
der consideration, the source-free field equations of CS 
modified gravity decouple into the Einstein and Cot- 
ton sectors, supporting only general relativity solution. 
We have emphasized that such a separation may occur 
in the presence of a source term as well, provided that 
the mixed (parallel/orthogonal) projection of the source 
energy-momentum tensor vanishes identically. 

Next, assuming that the hypersurface orthogonal 
Killing vector is of constant length and the gradient of 
the CS scalar field is parallel to the Killing vector, we 
have shown that that the vacuum field equations of CS 
modified gravity reduce to those of TMG. We have also 
extended this result to the case of nonvanishing cosmo- 
logical constant. In this case, it turned out that a similar 
reduction to cosmological TMG requires an appropriate 
source term for CS modified gravity. We have explicitly 
given the form of the source term that is determined by 
the cosmological constant. 
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